We analyze the hydrodynamic coupling between long, slender micromechanical beams ͑microbeams͒ deployed in an array and oscillating in a viscous, incompressible fluid. The unsteady Stokes equations are solved using a boundary integral technique in a two-dimensional plane containing the microbeam cross sections. The oscillations of nearest neighbor and the next neighbor microbeams couple hydrodynamically in unanticipated ways depending on the gap, frequency, and the relative phase and amplitude of their oscillation. A rational basis is provided for choosing the gap between neighboring microbeams in an array in order to either decouple their hydrodynamics or to couple them strongly. The results clearly suggest that the dynamics of microbeams in an array can be tuned in a cooperative manner so as to minimize or maximize the hydrodynamic resistance on individual microbeams.
I. INTRODUCTION
Arrays of micromechanical oscillators find wide use in microsystems such as microcantilever biosensors, [1] [2] [3] [4] data storage devices such as the IBM millipede, [5] [6] [7] [8] [9] optical micromirror arrays, 10, 11 tunable arrays and optomechanical signal processing devices, 12 synthetic band-gap devices, [13] [14] [15] [16] and in high throughput atomic force microscopy ͑AFM͒. 17, 18 The coordinated hydrodynamics of arrays of oscillating cilia and flagella also underpins cell and microbial motility mechanisms. 19 Micromechanical oscillator array sizes continue to increase driven by the demand of greater throughput. At the same time they are finding increased applications in ambient and liquid environments especially for microsystems applications in biology and medicine. 4, 20 As a consequence, the unsteady hydrodynamic interactions between nearest neighbor and next neighbor micromechanical oscillators begin to influence the collective dynamic response of the array in important, often unanticipated ways.
The fundamental physics of hydrodynamic coupling between micromechanical oscillators remains poorly understood. Because of the small length scales involved, fluid viscosity becomes extremely important in the hydrodynamic coupling and inviscid fluid theories of the macroscale have to be discarded in favor of viscous flow models. A fundamental understanding of the physics of hydrodynamic coupling between oscillators at this length scale will enable the rational hydrodynamic design of micromechanical oscillator arrays to ensure minimal hydrodynamic coupling. For instance, the detection reliability of microcantilever arrays in biosensing applications could benefit from minimal hydrodynamic interactions between neighboring microbeams. Conversely, maximizing the hydrodynamic coupling may be of interest for microbial motility mechanisms where the cilia beat synchronously to propel the micro-organism. 19 In the larger context of microsystems, this raises an intriguing question as to whether the oscillations of micromechanical oscillators in an array can be phased in a manner to minimize hydrodynamic drag, and thereby increase the collective quality factor ͑Q-factor͒ of the array.
As an initial step towards understanding the hydrodynamic coupling in micromechanical oscillator arrays, we focus in this paper on the hydrodynamic coupling in arrays of long, slender microbeams immersed in incompressible, viscous fluids. The microbeams can be cantilevered structures such as those found in microcantilever sensing arrays, 4, 20 AFM cantilever arrays on chips, 18 and in probe-based data storage devices; [5] [6] [7] or they may be doubly clamped beams such as those used in wireless microsystems settings. 13, 14 While the hydrodynamic loading of individual microbeams has been well studied, [21] [22] [23] [24] [25] [26] [27] [28] [29] little is known about the hydrodynamic coupling of microbeams within an array.
Ihara and Watanabe 30 study the flow induced by large amplitude oscillation of two 9 cm long cantilevers in air. However, the focus of their work is on fluid dynamics and not on the hydrodynamic coupling between the cantilevers. Hosaka and Itao 31 model two microbeams as two strings of spheres oscillating within a close vicinity of each other. In their method, the fluid velocities can only be computed beyond the sphere radius, which may not be sufficient for thin rectangular microbeams. Moreover, for higher Reynolds numbers, the fluid streamlines for the sphere and a plate diverge. Paul et al. 32, 33 investigate the stochastic dynamics of nanoscale mechanical oscillators immersed in viscous fluids. They utilize the fluctuation-dissipation principle to predict the stochastic response of single and multiple microbeams in fluids. The present work provides a convenient approach towards obtaining the deterministic hydrodynamic response.
The theory developed in this article is based on the twodimensional unsteady hydrodynamic model developed by Tuck 22 that is suitable for slender, long microbeams immersed in viscous fluids. Tuck's model 22 has enjoyed great success at predicting the hydrodynamics of individual microbeams in viscous fluids ͑Refs. 23, 24, and 34͒. In extending Tuck's model to multiple microbeams in an array, a different mathematical approach needs to be undertaken to solve for the unsteady streamfunctions. Once computed, however, the unsteady streamfunctions around an array of microbeams provide a deep insight into the rich physics of hydrodynamic coupling in such arrays.
This paper is organized as follows. In Sec. II we describe the general boundary integral method used to compute the coupled hydrodynamics of an arbitrary number of microbeams in an array. Section III contains the numerical solution technique and results for an array of two microbeams. In Sec. IV, we investigate the hydrodynamic coupling of a larger array of microbeams, and summarize the key results in Sec. V. Figure 1͑a͒ shows the system of interest in this work. An array of long slender microbeams is immersed in an incompressible viscous fluid and a Cartesian coordinate system ͑x , y , z͒ and its corresponding vector basis ͕E x , E y , E z ͖ are also shown. The axes of the microbeams lie along E x . Transverse vibration refers to motion of the microbeams along E z , while lateral motion refers to motion along E y . The theory we develop is applicable equally to lateral and transverse vibration or a combination of them. We follow the boundary integral technique of Tuck 22 in deriving the hydrodynamic functions for the hydrodynamically coupled microbeams of Fig. 1͑a͒ . The basic assumptions of the technique are:
II. BOUNDARY INTEGRAL MODEL
͑1͒ Each microbeam can be of arbitrary cross section so long as the cross section remains uniform along its length. ͑2͒ The gradients of the fluid motion along the axial direction ͑E x ͒ of each microbeam vanish. This is known to be a reasonable assumption for the lowest flexural modes of the microbeams. 21, 35 However it has been shown 21, 35 that this assumption overpredicts the hydrodynamic loading for higher flexural modes. ͑3͒ The amplitude of each microbeam is small compared to its cross-sectional dimensions. This implies that the fluid dynamics can be modeled as an unsteady linear Stokes flow. ͑4͒ The flow is assumed to be incompressible, since the acoustic wavelength in both liquids and gases typically exceeds the characteristic length scale of the microbeam.
In addition, we also assume that the microbeams are coupled only through the intervening fluid; other forms of coupling such as structural coupling are not considered. Moreover, all the microbeams are driven coherently with a given excitation frequency, and thus are assumed to oscillate with the same frequency, with possibly different amplitudes and phases.
A. Formulation of the model
Using Fourier transformed quantities for the velocities and pressure, the unsteady Stokes equations for an incompressible viscous fluid can be written as
where is the operating frequency, u͑y , z ͉ ͒ is the fluid velocity field, p͑y , z ͉ ͒ is the pressure field in the fluid, and and are, respectively, the density and dynamic viscosity of the fluid. The microbeam cross sections in the y -z plane are separated from the fluid domain by the closed contour C ͓Fig. 1͑b͔͒. The far-field condition is that u → 0 as y , z → ± ϱ and velocity u = U͑y , z ͉ ͒ is prescribed on the closed contour C of the microbeams. where ͑y , z͒ is a point in the fluid and ͑yЈ , zЈ͒ is a point on the contour C. Further, ͑yЈ , zЈ ͉ ͒ = −ٌ 2 ͑yЈ, zЈ ͉ ͒ is the axial vorticity component. G, ⍀, and ⌿ are, respectively, Green's functions for the Laplace operator, the Helmholtz operator, and for the operator in Eq. ͑3͒, respectively, so that 22 G͑y,z͉yЈ,zЈ͒ = 1 2 log R, ͑5a͒
where ␣ = ͱ i / , R = ͱ ͑y − yЈ͒ 2 + ͑z − zЈ͒ 2 , K 0 is the modified Bessel function of the second kind. The subscripts n and l define derivatives taken normal and parallel to the boundary C, respectively. In Eq. ͑4͒, the unknowns are the pressure p͑yЈ , zЈ ͉ ͒ and vorticity ͑yЈ , zЈ ͉ ͒ on the boundary C. The problem then involves solving for the pressure and vorticity with the above Green's functions and the appropriate boundary conditions on C.
III. HYDRODYNAMIC COUPLING OF TWO INFINITESIMALLY THIN MICROBEAMS
We now turn our attention to the hydrodynamic coupling of two infinitesimally thin microbeams. In this case the contour required for the boundary integral technique is shown in Fig. 1͑c͒ . Each shaded region in Fig. 1͑c͒ in fact represents an infinitesimally thin region corresponding to one microbeam cross section. The gap between the two microbeams is 2g, whereas the microbeams are each 2b wide. Each microbeam cross section oscillates rigidly in the y -z plane. Moreover, since the lower and upper curves ͑C − and C + for each microbeam͒ are infinitesimally close, and n must be continuous across each microbeam cross section. Equation ͑4͒ then reduces to
where ⌬ 1 and ⌬ 2 are the jumps in vorticity and ⌬p 1 and ⌬p 2 are the jumps in pressure across microbeams 1 and 2, respectively. Evaluation of the above streamfunction at z = 0, and the use of Eq. ͑5c͒ implies that ⌿ z Ј ͑y , 0 ͉ yЈ , 0͒ = 0, thus yielding
͑7͒
Differentiation of Eq. ͑7͒ with respect to y and Eq. ͑6͒ with respect to z and evaluating these derivatives at z = 0 yields V͑y͒ = − y ͑y,0͒
respectively, where V͑y͒ and U͑y͒ are the transverse and the lateral velocities of the microbeam cross section, respectively.
Therefore, we see that the transverse motion and the lateral motion of the microbeams are described by separate, uncoupled equations ͑8a͒ and ͑8b͒, respectively. 22 Transverse motion results only in a pressure jump, while the lateral motion results in only a vorticity jump across the microbeam cross section. Because the transverse motion of the microbeams is of greatest interest in typical microsystems applications, we will focus in this article only on Eq. ͑8a͒ to compute the unsteady streamfunction when the microbeams oscillate transversely.
A. Numerical solution for two microbeams vibrating transversely
We will restrict ourselves to uniform ͑no variation along y͒ transverse oscillations of the microbeams leading to V 1 ͑y͒ = V 10 e jt for microbeam 1 and V 2 ͑y͒ = V 20 e j͑t+͒ for microbeam 2, being the relative phase between the two microbeams. In principle, however, the method can easily be extended to microbeams that vibrate torsionally, where the imposed velocity on the beam surface varies linearly with y. Let us define a nondimensional coordinate = y / b, a nondimensional gap ḡ = g / b, a nondimensional pressure jump P͑Ј͒ = b⌬p͑yЈ͒ / V 10 , a nondimensional amplitude ratio r = V 20 / V 10 and the unsteady Reynolds number Re= b 2 / . These scalings also imply that velocities are nondimensionalized by microbeam 1 velocity ͑V 10 ͒. For transverse vibrations of the microbeams, the velocity matching condition on the microbeam ͑z = 0͒ can then be written from Eq. ͑8a͒ as
where the kernel function L͑ , Ј͒ is defined from Eq. ͑5c͒
We solve Eqs. ͑9a͒ and ͑9b͒ using a numerical scheme that involves replacing the integral equations by their Riemann sums. This results in a matrix-vector equation, which is solved by inverting the kernel matrix. There are two singularities in the problem: 22 ͑i͒ a logarithmic singularity of the kernel function at = Ј and ͑ii͒ the square-root singularities of P͑͒ at two ends of each microbeam cross section. The logarithmic singularity is circumvented by assuming that the equations hold at the middle point of each segment. The square root singularity is avoided by dividing each microbeam cross section with unequal segments as follows ͑j = 0¯N͒:
Additionally, at high values of Re, the kernel function ͓L in Eqs. ͑9a͒ and ͑9b͔͒ oscillates rapidly while decaying to zero. This can be taken care of by increasing the number segments along the microbeam cross sections. Approximating the pressure P͑Ј͒ = P j = const over each segment j
͑9a͒ and ͑9b͒ can be written in matrix notation as
where A kj and B kj are given by
͑13͒
Matrix ͓A͔ is diagonally dominant and thus easily invertible because its elements are the hydrodynamic influence coefficients of the segments of a microbeam to the segments of the same microbeam. On the other hand, ͓B͔ contains the hydrodynamic influence coefficients of the segments of a microbeam due to the segments of the other microbeam. To solve the matrix equations ͓Eq. ͑11͔͒, we form a global matrix equation as
where ͓D͔ is given by
Matrix ͓D͔ is also diagonally dominant and is easily inverted. The solution for the nondimensional pressure jumps are then found simply by inverting the ͓D͔ matrix:
Once the pressure jump distributions P͑͒ are calculated over the two microbeams, a number of important parameters can be computed. For instance, the transverse hydrodynamic force per unit length acting on microbeam 1 is then given by
where F z,1 is the transverse force per unit length on microbeam 1 nondimensionalized by the quantity V 01 . Because the pressure drops across each microbeam can be asymmetric with respect to the axis of each microbeam, the hydrodynamic coupling can lead to a hydrodynamic torque per unit length. For microbeam 1 this is calculated as follows:
where T x,1 is the nondimensional torque per unit length on microbeam 1. A systematic convergence study of the proposed numerical scheme ͑Table I͒ is performed by increasing the number of terms ͑N͒ in the discretization and the nondimensional hydrodynamic force per unit length ͓Eq. ͑16͔͒ is computed for Re= 1000 with = , ḡ = 0.1, and r = 1. Because of the nature of the kernel function ͓L in Eqs. ͑9a͒ and ͑9b͔͒ a higher value of Re results in slower convergence ͑needs more segments along microbeam cross section͒. Therefore, Re= 1000, which corresponds to the upper limit for Re for typical microsystems applications, represents the worst case scenario for convergence of this numerical scheme. Based on this convergence study, a value of N = 100 is found to be satisfactory for the ensuing calculations. The other parameters in the convergence study are such chosen as the out-ofphase ͑ = 0͒ oscillation of the two microbeams with a high amplitude ratio ͑r = 1͒ through a small gap ͑ḡ = 0.1͒ results in very high velocity gradients in the gap.
B. Physical interpretation of complex pressure and unsteady Reynolds numbers
Before discussing the numerical results, it is worthwhile to discuss the significance of the real and the imaginary parts R͓P͑Ј͔͒ and I͓P͑Ј͔͒ of the pressure jump distribution, which are the key quantities computed using the procedure outlined earlier. Note from Eq. ͑8a͒ that the real part of the pressure drop R͓P͑Ј͔͒ across a microbeam is in phase with its transverse velocity and is therefore a measure of the viscous hydrodynamic dissipation on the microbeam at a specific oscillation frequency. The imaginary part of the pressure drop across a microbeam, on the other hand, is 90°out of phase with its transverse velocity and thereby contributes to the added hydrodynamic mass at that specific frequency. The real and imaginary parts ͓R͑F z ͒ and I͑F z ͔͒ of the nondimensional transverse hydrodynamic forces acting on a microbeam cross section can be computed using Eq. ͑16͒ and are directly proportional to the hydrodynamic dissipation and the added mass, respectively, at that specific frequency.
As indicated by Eqs. ͑13͒ and ͑16͒, the complex hydrodynamic force per unit length of each microbeam ͑F z ͒, among other things, depends on the unsteady Reynolds number ͑Re= b 2 / ͒. Re is the ratio of the unsteady inertia term to the viscous term in the Stokes equations ͓Eq. ͑1͔͒, a higher Re implying the flow is less viscous. In what follows, we compute the hydrodynamic loading in microbeam arrays for Re values that correspond to typical microsystems applications in air and liquids. For example, the Re values for typical micromechanical resonators in air are in the range 0.01-1, while that for liquids they are in the range 1 -100. A complete list of geometric and material parameter values used in this paper are presented in Table II .
C. Effects of gap, relative phase, and amplitude ratio between the microbeams
Equation ͑9b͒ suggests that the parameters that influence the coupled hydrodynamics of two microbeams are ͑i͒ ḡ = g / b, the nondimensional gap between the two microbeams; ͑ii͒ r, the amplitude ratio of the two microbeams; ͑iii͒ , the relative phase between the oscillations of the two microbeams; and ͑iv͒ Re, the unsteady Reynolds number. In this section, to make the comparisons meaningful, we hold the amplitude of the microbeam 1 fixed, while the amplitude or the phase of microbeam 2 oscillations is varied. The hydrodynamic complex pressure jumps and transverse hydrodynamic force and torque per unit length are computed using the procedure described earlier. 2͑a͒ and 2͑b͒, respectively, for different nondimensional gaps ḡ = g / b between the two microbeams for Re= 1. At large gaps, the pressure jump distributions across each microbeam are those expected for single isolated microbeams, 22 while the pressure jump distribution becomes increasingly distorted and asymmetric across the width ͑for example, at ḡ Ͻ 0.2 for Re= 1͒ as the gap decreases. This can also be seen by plotting the hydrodynamic transverse force and torque per unit length ͑real and imaginary parts͒ as a function of ḡ for Re= 1 in Figs. 2͑c͒ and 2͑d͒ , respectively. The increase in hydrodynamic torque on microbeam 1 with decreasing gap suggests an increase in asymmetry of the pressure jump distribution on the microbeam as the gap decreases. Consequently, the transverse vibrations of microbeam 1 will couple to torsional motions of microbeam 2 and vice versa. In other words, the hydrodynamic interactions between the two microbeams couples their otherwise uncoupled motions.
Effect of the gap
As the microbeams are brought closer from an infinite gap, the hydrodynamic dissipation and added mass behave in nonintuitive ways. This is shown in Fig. 2͑c͒ , where the real and imaginary parts of the hydrodynamic force ͓R͑F z ͒ and I͑F z ͔͒ per unit length ͑proportional to the dissipation and added mass, respectively͒ of the microbeam are plotted for Re= 1 as a function of nondimensional gap ḡ. As the gap ḡ is decreased, the hydrodynamic dissipation and the added mass values initially increase and then decrease with decreasing gap lengths. Moreover, the range of ḡ over which the dissipation increases and decreases is different from that for the added mass effect. The real and imaginary values of the hydrodynamic torque per unit length ͓Fig. 2͑d͔͒ also behave in an oscillatory manner when the gap is reduced.
To understand physically this nonintuitive dependence of hydrodynamic coupling on the gap, let us first explain the nature of the hydrodynamic loading at the two extremes of gap lengths; namely, at ḡ = ϱ and ḡ = 0 when the microbeams are vibrated in phase. At ḡ = 0, the microbeams act like one single microbeam of twice the width of the individual microbeams; consequently, the unsteady Reynolds number Re= b 2 ր quadruples compared to a single microbeam.
Therefore, the hydrodynamic transverse force at ḡ = 0 for Re= 1 in Fig. 2͑c͒ corresponds to the hydrodynamic force encountered by a microbeam of twice the width at an unsteady Reynolds number Re= 4. For large gaps, on the other hand, the hydrodynamic forces correspond to those on a single microbeam vibrating in unbounded fluid ͓Fig. 2͑c͔͒. We now describe the physics that underpins the predicted spatial oscillation of the hydrodynamic forces as the gap between the microbeams is decreased. Consider first a related classical problem in fluid mechanics; namely, the Stokes second problem, 36 which deals with the unsteady two-dimensional viscous induced by the oscillations of a rigid wall tangential to its surface. According to Stokes, the fluid velocity near a wall that oscillates in its own plane u͑y , t͒ is given by 36 u͑y,t͒ = U 0 e
where y is the perpendicular distance from the wall, U 0 is the wall velocity, and s = ͱ / 2 y. The fluid velocity decays away from wall at a characteristic distance known as the unsteady boundary layer thickness ␦ bl , which corresponds to the distance from the wall where the fluid velocity magnitude is 1% of the wall velocity. Secondly, the phase between fluid motion and wall motion increases linearly with increasing distance from the wall ͓Fig. 3͑c͔͒. Therefore, from Eq. ͑18͒ at any time instant, the fluid velocity field oscillates spatially, changing sign several times as it decays away from the wall. A characteristic length scale to describe the oscillating velocity is the depth of penetration ␦ p = 2 ͱ 2 / , which is defined as the distance between two layers of fluid that oscillate in phase. The solution of Stokes second problem is shown at time instant= 0 in Fig. 3͑a͒ , and ␦ bl and ␦ p are clearly marked on the figure.
Indeed, the spatial oscillation of the fluid velocity away from the surface or edge of a harmonically oscillating solid body is a general characteristic of the resulting unsteady viscous flow. 37 To illustrate this, the transverse fluid velocity generated in the plane of an oscillating microbeam, and off its edge is plotted in Fig. 3͑b͒ for Re= 1 following a twodimensional form of Eq. Figure 3͑b͒ clearly shows that much like the classical Stokes second problem, the transverse velocity decays away from the microbeam edge. For the microbeam, however, the velocity changes direction only once and then asymptotes to zero at infinite distance from the microbeam. The spatial oscillation of fluid velocity off the edge of a single vibrating microbeam is key to understanding the nonintuitive dependence on the gap of the hydrodynamic coupling of two microbeams in Fig. 1͑c͒ . Because the results presented thus far are for microbeams oscillating in phase, it is clear that when microbeam 2 enters a nondimensional gap ḡ where the fluid velocity due to microbeam 1 is out of phase with its own velocity, then microbeam 2 will encounter a destructive hydrodynamic interference leading to greater hydrodynamic dissipation. However, when microbeam 2 enters a nondimensional gap where the induced velocity due to microbeam 1 is in phase with its own velocity, then microbeam 2 encounters a constructive hydrodynamic interference so that its hydrodynamic dissipation decreases.
The concept of unsteady hydrodynamic interference can be better understood in a truly two-dimensional setting. Fluid velocities in the E z direction are plotted using Eq. ͑19͒ in the two-dimensional cross-sectional plane of a single microbeam vibrating in unbounded fluid in Figs. 4͑a͒ and 4͑b͒ for Re= 1. On the microbeam surface, the fluid velocity equals the microbeam velocity. With distance from the microbeam the fluid velocity decays, becomes negative, reaches a minimum and then increases again. At long distances from the microbeam, the fluid velocity approaches the far-field condition of zero velocity while remaining negative ͓also seen in the velocity plot along the plane of the microbeam in Fig.  3͑b͔͒ . If another microbeam vibrating in-phase ͑ = 0͒ with equal amplitude ͑r = 1͒ is placed at intermediate gaps from the first microbeam, it has to overcome the negative velocity field generated by the first microbeam, creating a destructive interference. However, if the second microbeam is placed close enough to the first, a constructive interference results. It should be noted that the concept of hydrodynamic interference as discussed here is somewhat simplistic and ignores the altered velocity field due to the second beam. Moreover, it can only be applied in this form to in-phase and out-ofphase oscillations, and not to other intermediate relative phases. Nevertheless, it consistently explains many of the presented results and provides meaningful insight into the problem for in-phase and out-of-phase oscillations.
Effect of the relative phase
The relative phase between the two microbeams affects considerably the hydrodynamic coupling between the two microbeams. For the particular choice of parameters ͑ḡ = 0.1, r = 1, and Re= 10͒, the real part of the transverse hydrodynamic force per unit length experienced by micro- beam 1 is plotted for different relative phases in Fig. 5 . The real part of the hydrodynamic force first increases with increasing and then decreases reaching its minimum value at = . Conversely, the imaginary part of the hydrodynamic force per unit length on microbeam 1, continuously decreases as the relative phase is increased ͑Fig. 5͒. Figure 5 clearly indicates that for the particular choice of parameters ͑ḡ = 0.1, r = 1 and Re= 10͒ the hydrodynamic dissipation and added mass effects are minimized when the two microbeams operate out-of-phase ͑ = ͒. This implies that hydrodynamic dissipation and added mass effect can be significantly reduced by selecting the relative phase of the two micromechanical oscillators. On the other hand, Fig. 5 indicates that, for the chosen parameters ͑ḡ = 0.1, r = 1, and Re= 10͒, hydrodynamic added mass effect is maximized when the microbeams oscillate in phase, = 0, while the hydrodynamic dissipation is maximized when the phase is nearly 90°, Ϸ / 2. Clearly, tuning the phase of relative oscillation between the two microbeams can influence the hydrodynamic loading of each microbeam significantly.
Effect of the amplitude ratio
Let us now investigate the effect of the amplitude ratio r on the hydrodynamic coupling of two oscillating microbeams. Recall that r is the ratio of amplitudes of microbeam 2 to microbeam 1. The real and the imaginary part of the hydrodynamic transverse force per unit length are plotted as r is increased from 0 to 1 in Fig. 6 for in-phase and out-ofphase oscillation of the two microbeams at Re= 10.
For in-phase vibration, for the choice of parameters ͑ = 0, Re= 10, and ḡ = 0.5͒, both the real and the imaginary parts of the hydrodynamic transverse force ͑Fig. 6͒ per unit length decrease with decreasing amplitude ratio. Consequently, both the hydrodynamic dissipation and the added mass ͑proportional to the real and imaginary parts of the transverse force, respectively͒ increase for in-phase oscillation with increasing r ͑Fig. 6͒. For out-of-phase oscillation, on the other hand, both the imaginary and the real parts of the transverse force per unit length decrease with increasing r ͑Fig. 6͒. This opposing dependence on r of the transverse forces for in-phase and out-of-phase oscillation is a direct consequence of hydrodynamic interferences discussed in the earlier section.
All results presented so far in this section have been for specific Re values. In subsection E we investigate the influence of Re on the hydrodynamic coupling of two microbeams.
D. Hydrodynamic decoupling
In many applications, it is preferred that the micromechanical oscillators constituting an array decouple hydrodynamically. In this section we will address the following question: At what gap can two neighboring oscillating micromechanical beams be considered hydrodynamically decoupled? Following the discussion in previous sections, it is clear that the answer to this question will depend primarily on the value of unsteady Reynolds number Re and on the relative phase . We plot in Fig. 7 Fig. 7 .
In Fig. 8 , the gap values for which the microbeams decouple hydrodynamically ͑using the 99% limit criterion above͒ are plotted with circles for different Re values. To obtain a single empirical relationship valid for the entire range of nondimensional gap and unsteady Reynolds number, we fit an inverse power law of Re to the gap required for decoupling the microbeams ͑ḡ decoupling ͒:
where a 1 = 4.806, a 2 = 3.519, and a 3 = 0.6266 are the constants determined by a least-squares fit. The gap ͑ḡ decoupling ͒ for the two microbeams to be hydrodynamically decoupled increases as the Re decreases. For instance, if the two microbeam cross sections are ḡ = 10 apart, they decouple hydrodynamically if Reտ 0.55, while, when the two microbeams are ḡ = 4.8 apart, they decouple hydrodynamically only for large values of the Reynolds number ͑inviscid flow limit͒. The decrease in ḡ decoupling with increasing unsteady Reynolds number can be explained from the point of view of the nondimensional boundary layer thickness ␦ bl / b. A larger Re results in smaller boundary layer thickness and the unsteady pressure and velocity fields are more localized around the microbeam compared to a smaller Re. Therefore, when Re is larger, the two microbeams decouple hydrodynamically at smaller gaps.
E. Hydrodynamic functions for coupled microbeams
We have discussed in the previous sections the dependence of the hydrodynamic quantities on the unsteady Reynolds numbers. Physically, Re can change either by varying the drive frequency, or by changing the microbeam width, or fluid viscosity. In order to capture systematically the Re dependence of the hydrodynamic coupling of two microbeams, it is convenient to expand the definition of the so-called hydrodynamic functions that were originally introduced for single microbeams. For isolated thin long beams vibrating in a viscous fluid, hydrodynamic function ⌫͑Re͒ is defined as a function that satisfies the following identity:
⌫͑Re͒, the hydrodynamic function, is a complex function whose real and imaginary part are proportional to the added mass and the dissipation on a microbeam, and can be computed from the knowledge of the pressure jump distribution on the microbeam as follows:
where ⌫ r and ⌫ i are the real and imaginary parts of ⌫, respectively. Extending the concept of hydrodynamic functions to two closely spaced microbeams, requires that the hydrodynamic function depend not only on Re, but also on the nondimensional gap ḡ, relative phase between the microbeams, and the amplitude ratio r between the microbeams. In what follows, we compute the hydrodynamic functions for microbeam 1 using Eq. ͑24͒ as a function of Re, and for different values of ḡ, , and r. In Fig. 9 we plot the variation of the hydrodynamic function of microbeam 1 as a function of Re for different ḡ values ͓Figs. 9͑a͔͒, for different amplitude ratios r ͓Figs. 9͑b͔͒, and for different phases ͓Figs. 9͑c͔͒.
For all cases, the imaginary part of the hydrodynamic function that is proportional to the dissipation in the microbeam 1 continues to decrease as Re increases, indicating that at sufficiently high Re, we reach the inviscid limit of zero dissipation. On the other hand, the real part of the hydrodynamic function that is proportional to the added mass effect of the microbeam 1 reaches a constant asymptotic value at high Re. This value corresponds to the added mass, as predicted by the inviscid theory.
Figures 9͑a͒-9͑c͒ clearly indicate that while the gap ratio ḡ and amplitude ratio r influence the hydrodynamic loading over the entire range of Re studied, the hydrodynamic loading is most influenced by the relative phase between the two microbeams. From the imaginary part of the hydrodynamic function in Fig. 9͑c͒ , it is clear that at high Re, the hydrodynamic dissipation can change by an order of magnitude depending on the relative phase. Likewise, from the real part of the hydrodynamic function in Fig. 9͑c͒ , it is clear that at low Re, the hydrodynamic added mass effect ͑proportional to the real part of the hydrodynamic function͒ can vary by an order of magnitude depending on the relative phase of oscillation between the microbeams.
From Fig. 9͑c͒ we can conclude that for typical micromechanical beam applications in liquids ͓Re ͑1,100͔͒, oscillating two neighboring beams out of phase leads to significantly lower hydrodynamic dissipation and added mass. 
IV. ARRAY OF INFINITESIMALLY THIN MICROBEAMS
In this section we extend the analysis to an array of multiple microbeams. We will consider an array of M equal sized and equally spaced microbeams, as shown in Fig. 10 . The width of each microbeam is 2b and the gap between each is 2g.
In order to compute the pressure jump distributions over each microbeam in this array, the velocity matching conditions Eqs. ͑9a͒ and ͑9b͒ need to be extended to include multiple microbeams. Once this is in place, the boundary element discretization follows along similar lines as for the two microbeam problem. Consequently, N unequal sections are 
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The matrix ͓D͔ is nearly tridiagonal if only nearest neighbor hydrodynamic interactions dominate the unsteady pressure; is pentadiagonal when next neighbor hydrodynamic interactions become important, and so on. Using the computational method described above, we present results for a five-microbeam array with ḡ = 0.2 and vibrating in phase with the same amplitude. Specifically, we show in Fig. 11 the hydrodynamic functions for microbeams 1, 2, and 3; the hydrodynamic functions for microbeams 4 and 5 follow from the symmetry of the array about microbeam 3.
At ReՇ 1, the center microbeam 3 is hydrodynamically shielded in the sense that the real and imaginary parts of the hydrodynamic functions ͑proportional to fluid added mass and dissipation͒ are the least for the microbeam 3, and greatest for the outer microbeams 1 and 5. However, beyond Reտ 1, the order suddenly reverses and microbeam 3 encounters the greatest hydrodynamic dissipation and added mass. This interesting result can also be related to the idea of hydrodynamic interference as follows. At low Re, neighboring microbeams lie within their zones of constructive hydrodynamic interference. At higher Re, the penetration depth and boundary layer thickness shrink, and at a critical Re, the microbeams are suddenly in their mutual zones of destructive hydrodynamic interference. Clearly, the hydrodynamic loading on individual microbeams depends sensitively on the collective dynamics of the array as well as on Re.
V. CONCLUSIONS
The physics of the hydrodynamic interactions between micromechanical oscillators in ambient and liquid environments remains a challenging problem in microsystems dynamics. In this article we extend the boundary element technique of Tuck 22 to understand the hydrodynamic coupling between long and slender microbeams oscillating in an array in a viscous, incompressible fluid. The hydrodynamic dissipation and added mass on two oscillating microbeams depends most sensitively on the unsteady Reynolds number, their gap, and their relative phase of oscillation. Depending on the gap and Reynolds number, two microbeams will either constructively or destructively interfere with each other hydrodynamically. Consequently, the hydrodynamic loading on each microbeam can be changed significantly simply by modifying the parameters that control the hydrodynamic interference. A simple mathematical criterion is derived for the gap at which the microbeams decouple hydrodynamically. Finally, computations for larger arrays reveal that the hydrodynamic loading of central and peripheral microbeams in an array can be substantially different. A key conclusion is that the dynamics of microbeams in an array can be tuned in a cooperative manner so as to minimize or maximize the hydrodynamic loading on individual microbeams.
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